We have analyzed photon statistics and quadrature squeezing of the signal mode produced by one-mode subharmonic generator. It is found that the mean photon energy of the signal mode is twice of a twin signal light beam. And the energy fluctuations of the two signal light beams are four times that of one of the signal light beams. We have also shown that the photon energy quadrature squeezing of the output signal mode is exactly equal to that of the cavity signal mode. In light of this, the global quadrature squeezing of the signal mode is independent of the mean photon energy. On the basis of the above results, the quantum analysis of a one-mode sub-harmonic generating system should somehow be modified.
Introduction
A one-mode sub-harmonic generator is one of the most interesting and well-studied quantum optical systems. This system consists of a nonlinear crystal which is pumped by coherent light and placed inside a cavity coupled to a vacuum reservoir. This quantum optical process leads to the generation of squeezed light. A theoretical analysis of the quadrature squeezing and photon statistics of a signal mode produced by a one-mode sub-harmonic generator has been made by a number of authors [1] - [9] . It has been established that the signal mode has a maximum of 50% squeezing below the coherent-state level [1] - [4] .
In a one-mode sub-harmonic generator, a pump photon of frequency 2ω is down converted into a pair of signal photons each of frequency (ω). It is to be recalled that the Hamiltonian describing the process of sub-harmonic generation consists of the operators 2 a and 2 a + . And the quantum analysis of the signal mode is usually carried out employing the operator's â and â + . However, such analysis leads, among others, to onehalf of the mean photon number of the signal mode [2] [4]- [8] [10]- [14] . This is surely the mean number of one set of the signal photons (a twin signal light beam), consisting of one photon from each pair [1] . Since the other set of the signal photons is not included in such analysis, we seek to resolve this problem by superposing the Q function of the two set of signal photons (the signal mode), each set consisting of one photon from each pair. The resulting Q function is used to determine the mean photon number, the mean energy, the variance of the photon number, the energy fluctuations, the photon number quadrature variance, the photon energy quadrature fluctuations, the photon number quadrature squeezing and the photon energy quadrature squeezing of the two signal light beams.
The Q Function
We seek first to determine the Q function for the signal mode produced by one-mode sub-harmonic generator. This can be done by superposing the Q functions of the two sets of signal photons, each set consisting of one signal photon from each pair.
We recall that the Q function for the signal light beam has the form [1] ( ) 
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Here, and ε κ are the amplitude of the driving coherent light and the cavity damping constant, respectively.
We now proceed to determine the Q function for the two signal light beams produced by one-mode sub-harmonic generators. The Q function for the superposition of two light beams can be defined by [1] ( ) (
is the c-number corresponding to normally ordered density operator divided by π . Suppose ( )ˆ, 
And employing the completeness relation for coherent state 
This expression can be put in terms of the displacement operator in the form
We now realize that the density operator for the superposition of the first light beam and another one expressible as [1] ( ) ( ) ( ) (13) so that in view of (12), we have
in which 
Now the combination of (6) and (14) give rise the Q function for superposition of two light beams as in the form ( ) 
Finally, applying the binomial theorem, one can readily establish the Q function for a pair of superposed cavity light beams as [1] ( ) ( ) ( )
With the aid of Equation (1), the Q function for one of the signal light beam can be put in the form
And the Q function for the other signal light beam can be written as
Now introducing (21) and (22) into (18), we have
Thus upon carrying out the integration over β and γ , applying the relation
we readily obtain 
One can easily check that the Q function for the two signal light beams given by Equation (25) is normalized to unity.
Photon Statistics
In this section, we seek to study the statistical properties of the two signal light beams produced by the onemode sub-harmonic generators.
The Mean Energy
Here, we wish to calculate the mean photon number and the mean photon energy of the two signal light beams. The mean photon number, for the cavity light, is defined by ˆn a a
Then the mean photon number can be written in terms of the Q function as
On account of Equation (25) 
so that upon carrying out the integration, employing the relation given by (24), and performing the differentiation with respect to a and applying the condition a = 0, we readily get
Now in view of (26) and (27) along with (2) and (3), we easily find ( )
so that on account of (4), we have
Hence at steady state, we see that 
This is the mean photon number of the two signal light beams which is twice of the mean photon number obtained in Ref. [2] - [8] .
On the other hand, for normally ordered operators and a cavity mode coupled to a vacuum reservoir, the output and cavity operators can be related by [1] ( ) ( )ˆ. 
This indicates that the mean photon number of the output light is κ times that of the cavity light. Moreover, we note that the quantum Hamiltonian of a single-mode light has the form [1] ˆˆˆ,
where
and
so that the mean photon energy of the two signal light beams can be put as 
where ω is the frequency of one of the signal light beam. This indicates that the mean energy is equal to the product of photon energy and the mean photon number.
The Energy Fluctuations
We next proceed to obtain the variance of the photon number and the energy fluctuations for the two signal light beams produced by the one-mode sub-harmonic generator. The variance of the photon number, for the cavity light, is defined by
Using the commutation relation
which holds true for a pair of superposed light beams, we find
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Thus with the aid of Equation (25) 
so that upon carrying out the integration, employing the relation given by (24), and performing the differentiation with respect to a and applying the condition a = 0, we readily obtain ( ) ( ) 
Therefore, in view of (2) and (3), there follows 
Then with the aid of Equations (4) and (5), we obtain ( ) 
This is the variance of the photon number for the two signal light beams. This variance is four times the variance of the photon number obtained in Ref. [1] - [8] .
On the other hand, substitution of (35) into Equation (44) 
then, using the commutation relation
and combination of (44) and (53) along with (38) and (39) results in
This shows that the energy fluctuation is equal to the product of the square of photon energy and the photon number fluctuation.
Quadrature Squeezing
We wish here to study the squeezing properties of the two signal light beams produced by one-mode subharmonic generator. We define the photon number quadrature variance for a pair of superposed cavity light beams by ( ) ( 
are the plus and minus photon number quadrature operators for the cavity light. The first term on the right hand side of Equation (56) represents the photon number quadrature variance for a pair of superposed coherent light beams. It is also the commutation relation for the photon number annihilation and creation operators representing the superposed light beams. Now employing the Q function described by Equation (25), one can easily verify that
On account of (57), (58), and (59), Equation (56) can be put in the form ( )
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Then using Equation (25), the expectation value of 2 a can be written as 
so that upon carrying out the integration, applying the relation given by (24), and performing the differentiation with respect to a and introducing the condition a = 0, we readily find
Hence in view of (26), (27) along with (2), (3), and (5), there follows 
With the aid of (33), (60), and (63), we easily get ( ) 
This is the photon number quadrature variance of the two signal light beams which is twice of the quadrature variance obtained in Ref. [1] - [8] . In addition we observe that the signal mode is in a squeezed state and the squeezing occurs in the plus quadrature. Moreover, applying (35) in Equation (60), we get
in which ( )
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We observe that the photon number quadrature variance of the output light is κ times that of the cavity light.
On the other hand, photon-energy quadrature variance for the cavity light is defined by
, , 2
: 
are the plus and minus photon-energy quadrature operators for the cavity light. The first term on the right hand side of Equation (67) represents the photon energy quadrature variance for a pair of superposed coherent light beams. It is also the commutation relation for the photon energy annihilation and creation operators representing the superposed light beams. Then employing (54), (60), (64), (68), and (69) along with (38) and (39), we put Equation (67) in the form ( )
so that on account of (64), there follows 
Moreover, at steady-state and at threshold, the photon number quadrature squeezing turns out to be
We note that at steady state and at threshold there is a 50% squeezing of the signal mode below the cavity coherent-state level.
On the other hand, we define the photon number quadrature squeezing of the output signal mode by [1] ( )
where 2κ is the photon number quadrature variance of a pair of superposed output coherent light beams.
Hence combination of (64), (65), and (75) there emerges
This indicates that the photon number quadrature squeezing of the output signal mode is exactly equal to that of the cavity signal mode.
Furthermore, we can also define photon-energy quadrature squeezing the cavity signal mode by
Thus in view of (70) and (77), we have
which indicates that photon-energy quadrature squeezing is the same as that of the photon number quadrature squeezing.
Conclusions
In this paper, we studied photon statistics and quadrature squeezing of the two signal light beams produced by one-mode sub-harmonic generator. So far we know that the Hamiltonian describing the process of sub-harmonic generation consists of the operators' a 2 and a
+2
. And the quantum analysis of the signal mode is usually carried out employing the operators â and â + . Such analysis leads to one-half of the mean photon number of the signal mode. This problem is resolved by superposing the Q function of the individual set of photons (the signal mode), each set consisting of one photon from each pair. On account of this, we obtained the Q function of the two signal light beams (the signal mode) produced by a one-mode sub-harmonic generator. Employing this Q function, we determined the mean energy, the energy fluctuations, the photon energy quadrature fluctuations, and the photon energy quadrature squeezing.
It is found that the mean photon energy (the mean photon number) of the signal mode is twice of a twin signal light beam. And the energy fluctuations (the variance of the photon number) of the two signal light beams is four times that of one of the signal light beam. We have also shown that the photon energy (the photon number) quadrature squeezing of the output signal mode is exactly equal to that of the cavity signal mode. In light of this, the global quadrature squeezing of the signal mode is independent of the mean values. On the basis of the above results, we come to the conclusion that the quantum analysis of a one-mode sub-harmonic generation should somehow be modified.
